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Abstract

R

Two-dimensional causal dynamical triangulations (2d CDT) is a lattice model of quantum geometry. In
2d CDT, one can deal with the quantum effects analytically and explore the physics through the continuum
limit. The continuum theory is known to be two-dimensional projectable Hofava-Lifshitz quantum gravity (2d
projectable HL QG). In this chapter, we wish to review the very relation between 2d CDT and 2d projectable
HL QG in detail.
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Introduction

515

Two-dimensional toy models of quantum gravity are a very useful playground for understanding the
quantum nature of geometry quantitatively. This is because many of them are simple enough to be dealt with
analytically and complex enough to observe nontrivial quantum effects. Lattice regularizations in particular
are known to be quite powerful tools for investigating non-perturbative quantum effects analytically. Among
these, two-dimensional Euclidean dynamical triangulations (2d EDT) [1-6] (see a pedagogical textbook [7])
and two-dimensional causal dynamical triangulations (2d CDT) [9] (see a detailed review [8]) are good prac-
tical examples. The former and the latter, respectively, are Euclidean and Lorentzian lattice models based on

Regge’s discretization of geometries [10].

YR T 5177 toy BRUE T B LB TR SRR 6, XRFRINZEERIRZ 21
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2d EDT discretizes Euclidean geometries by equilateral triangles and defines a regularized quantum am-
plitude as a sum over distinct triangulated geometries. Matrix models and combinatorics can be used for
calculating such a statistical sum analytically (whenever possible). By virtue of analytic treatments, one can
explicitly remove the regularization through the continuum limit to calculate physical observables. What



is remarkable is that exactly the same value of observables can be reproduced from a genuine continuum
field theory called the Liouville quantum gravity [11-14]. This means that 2d EDT serves as a well-defined
regularization of the Liouville quantum gravity.

2d EDT AIFFIA =AM LEG LAEITE B, R IEMCE T IRIEE SOV FrE AR =ML L
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X REFIIIERLTT S,

2d CDT is a Lorentzian lattice model of quantum geometry, which respects a global time foliation and
prohibits the creation of so-called baby universes. One can calculate the sum over such Lorentzian triangu-
lated geometries using simple combinatorics and take the continuum limit to remove the regularization. All
these processes can be performed analytically at least for the plain model without coupling to a matter. It
has been shown in Ref. [15] that the resulting continuum theory is known to be in the same universality
class of projectable Hofava-Lifshitz quantum gravity (projectable HL QG) [16] in two dimensions, which is
different from the Liouville quantum gravity (In fact, it has been shown that a direct lattice discretization of
2 d projectable HL gravity, which has a lattice action different from that of 2 d CDT and reproduces the same
large-scale physics in the continuum limit [18].).

2d CDT B & FJ UL R, B e RN R0, ZEFnse) LFHEr 4, &,
ATTRT DA i B S 3 T RO IS AC AL = AL T LTSRN, FRIEE BOESAR IR BBRIEM ML, /D
XNFARMEVIRIAEE, A XS AR T DA 2. EA SR [15] 3R_M, S2IRESEIRS
THERT R PRI YRR 5 1) (AT HL QG) J& TR —Ei&E2. [16], FXI4/RET51A
Al (5L EERSHCUER: X 2 d FI#GE HL 51 BERGEI TR B LR 20 MBS 2 d CDT
AN, BFEESARR ™5 RE I R AR R P (18], ).

2d HL QG is a quantum field theory in two dimensions, which has a preferred foliation structure. This
model is invariant only under the subclass of diffeomorphisms that respects the foliation, known as the
foliation-preserving diffeomorphisms (At the cost of full diffeomorphism invariance, HL QG has been de-
signed originally as a model of quantum gravity in higher dimensions such that it has a good convergence at
UV in keeping with unitarity and would approximately recover the diffeomorphism invariance at IR [16].).
2d projectable HL QG is a certain version of HL QG where the time-time component of the metric called the
lapse function is projectable, i.e., a function only of time. In this chapter, we wish to explain in detail the rela-
tion between projectable HL QG and CDT in two dimensions (The relation between HL QG and CDT in four
dimension has been pointed out first in Ref. [19] by looking at an observable called the spectral dimension,

and the resemblance of the CDT phase diagram to a Lifshitz phase diagram has been shown in Ref. [20].).

4% HL QG 2 _#ER e, AN DM, ZBEE R DS R A
A5 XS AR AR 73053 IR (HL QG S @i 4 T 52 B MR A, B 21S
FEgER 15 IR, fHGE A EYE BAESRINX BA RIS, FFAELLSMX IR LR B 45y [FIE
A [16], )o —HERIHEY HL QG J& HL QG I—NRFERRA: AT FR AR Ay s 8 bR B4 FEE KBS
- ) o B P B Y, BVE U RIS, ABEBA IR —4En $ HLQG 5 CDT Z
[EAYSCER (PU4E ™ HL QG 5 CDT HYK F i 5 ISk [19] 8 i x> n UL 245, CDT tHIES
FF A AE E AR UMD EAE SRR [20] HR4AH. ).



In fact one can generalize 2d CDT in such a way that the creation and annihilation of (a finite number of)
baby universes and the formation of wormholes (handles) are allowed to occur in keeping with the foliation
structure. This model is called the generalized CDT (GCDT) introduced first as a continuum theory [21,22]
and later defined at the discrete level [23,24] . The full continuum description of GCDT is given by the so-
called string field theory for CDT [22] in which the string means the one-dimensional closed spatial universe,
and the baby universes and wormholes can be realized in terms of the splitting and joining interactions of

strings.

L EFATIATDAES™ 4k CDT, {fERFFH- I E5HRTRATER B Aavr (HRD) 22 L3 s =AM,
FRVFHIR () BITE R IXMERIFR A L CDT(GCDT), ERINENESIILIRN [21,22], Z/ETE
BEURmZA T TE X [23,24] o GCDT WZEEESHIAHFTIN CDT 7B AA H [22], ZBHIEH5X
fER — e S22 A8, B2 LT A0 AR AT DB 5209 7 R0 Rl & A B P SE B

One of remarkable facts is that focusing on a certain amplitude, i.e., loop-to-loop amplitude, one can read
off a one-dimensional effective theory that takes in all possible baby universe and wormhole contributions in
an effective manner [25,26]: The 1d effective theory is a one-body quantum theory even though GCDT is a
many-body theory that allows both creation and annihilation of strings. It is known that one can correctly
reproduce the 1d effective theory if quantizing the projectable HL gravity with a certain bi-local interaction
term [28,29] . This topic will be treated in this chapter.

—MERERNZILRE: RETREIRIE— RNE 2 RIS —RATRT DS H — D —4eA 5EIE,
EREAVA T B A AT RERY ) L3 a7 5 HR{F 5Tk [25,26]: RE GCDT 2 e sz AR KK %
(RELE, Z—4EEREIC T AR TRIE, TR RS DR B/ FH U [28, 29] Y] #5 HL
I8, MEEEMPERX D —4EREE, AETRIIEX — 18,

Furthermore, the 1d effective theory that includes all contributions of baby universes and wormholes is
known to be reproduced if one assumes that the cosmological constant of the continuum limit of 2d CDT isnot
really a constant but fluctuates in time [30]. This idea leads to a certain realization of Coleman’s mechanism

about the cosmological constant [27] in the context of CDT [30], which will be also explained in this chapter.

SN, BATTHNE, WSRIL 4k CDT SRR FIUFE R EOTIFEIEN RS, TR Bk
[30], ARAEEEBLX L& A B L 5 R STk A — 4 H RIS, %4815 CDT ME4E FSRBRMR
BXTFRERATIUH [27] RHET —H77R [30], AFE TR IHTHHR

The rest of this chapter is organized as follows. In section ”2d Causal Dynamical Triangulations,” a self-
contained introduction to 2d CDT is presented. We show that taking the continuum limit the physics of 2d
CDT can be described as a one-dimensional quantum system with a Hamiltonian. 2d projectable HL QG is
explained in section “2d Projectable Hofava-Lifshitz Quantum Gravity.” Through the path-integral quantiza-
tion, we read off the quantum Hamiltonian that is equivalent to the one obtained in the continuum limit of 2d
CDT. Thereby one can confirm that the continuum limit of 2d CDT is 2d projectable HL QG. In section ”Sum
over All Wormholes and Baby Universes,” we introduce GCDT that is a generalization of 2d CDT such that
baby universes and wormholes are introduced so as to be compatible with the foliation and determine the 1d
effective theory obtained through the sum over all genera. In particular, we explain in detail that quantiz-
ing 2d projectable HL gravity with a bi-local interaction yields the 1d effective theory and discuss Coleman’s
mechanism in 2d CDT. Section "Summary” is devoted to summary.
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2d Causal Dynamical Triangulations

—HERIRE S = fwlor

Two-dimensional causal dynamical triangulations (2d CDT) [9] is a lattice model of quantum geometries
based on Regge’s discretization [10]. In this section, we give an overview of 2d CDT and in particular explain

how to obtain the quantum Hamiltonian through the continuum limit.

ZHERIRBNIIE =FAE 7 (2d CDT)[9] /24T H & UL [10] BT LS FRERL, ATTERA IR
2d CDT, FFEARUBAANANEIS E LR RIS 2 & 1 In i,

We start with a two-dimensional globally hyperbolic manifold equipped with a global time foliation:

BATEL A T 2RI TR R EE AL ) — 4ERR AR T IT 4

M=%, (1)

teR
where each leaf )}, is a one-dimensional Cauchy “surface” (line). One approximates the manifold with
a foliation in such a way that the continuous label ¢ is discretized by integers, i.e., t € Z ; each leaf (line) is
partitioned by vertices connected by isometric edges; vertices among neighboring time steps are connected
by isometric edges to form a triangulation of strip (see Fig. 1). The edges at a given time step and those
connecting vertices in different time steps are, respectively, space-like and time-like edges since the squared
edge lengths of the space-like edge a? and the time-like edge a? are given by

Hipg A Y, B —4Ef iy “Him” (5. AN R 75 SO KGRI ORI SR ¢ 47
BREuL, Wt ez; 80 () HERIDKERZNIURE]; MR R RER F KK
BERE, TRGHIR=AAE 70 (S IE 1), 47E I [R5 BRI AN R N IR 252 T s 3 73 Al 2R 2250
KINIA, KD a2 KNG of BFTTIA KBRS

a =¢%, a? = —ag?, @)

where «a is a positive number and ¢ is a lattice spacing that serves as a UV cutoff.



Hrb a BIEEL, ¢ BAENSIMERMRIRS 7 AR,

2d CDT deals with a set of restricted class of Lorentzian triangulations as discussed above. In particular,
we consider that the topology of the one-dimensional universe (a graph consisting of vertices and edges at a
given time) is either S* or [0, 1], and the topology will not change during (discrete) time propagation. Since
the topology is fixed, the curvature term plays no role in two dimensions, and only the discrete analogue of
the cosmological constant term A, J* d2x+/—g is used as the lattice action of 2 d CDT:

2d CDT LB HIRSZRRZEHIRISACRE =M HI T RS, R, BTN —4ET2d (487 I 8] B T = A
IDHREI ) BIFRE N STk [0,1], HARFME (BRO NRBEALEPREAZ, BT hitEE, dh
RIUE —4EPAEMER, (T H AR BRI ERCEEEE Ay f d?x\/—g FATE 2 d CDT AIASF7FH &:

A(Via+1
Srld,a] = -2 (Tszn (T)), (3
where 1/¢? is the bare cosmological constant with the dimensionless number A, (T) the number of
triangles in a triangulation T, and the term inside the parentheses denotes the total area of the triangulation.

Itis useful to rotate to the Euclidean signature which can be performed by changing « - —a—i0. Accordingly,
the lattice action (3) changes as follows:

Hrb 1/e BT HEER, TR A (T Z=AE10 THHN=/ATEE, BSNNTHERR=H
HREEH, BRI LRSS 2E A, rEd S a - —a—i0 SZF, ANH, MErER
&= (3) iR

n(T)=—-An(T), @)

Fig. 1 A triangulation of a strip: Thick and thin lines are space-like and time-like edges, respectively

iSy[A a] = iSy[A, —a — i0] = —A Y 40;_ !

B 1 iR = 0 RN AL 70 7 o 823 0 IS N i

where « is chosen to be greater than 1/4 ; otherwise, the triangle inequalities will not be satisfied after the

rotation. In any case, we have absorbed the parameter « by the redefinition of the dimensionless cosmological
constant 4 .

Hrp a BT 1/4 5 SNGekeRICiRm R =AAEFR T, JIEeLs@idx TEN T
FHBAEREXRR TS o,

!

The amplitude of the one-dimensional universe that starts with ¢; edges and ends up with £, edges after
the discrete time step t is given by the sum over all allowed triangulations:



M e, Bk, ZEBINEY ¢ JFREGE] 0, 00 —4E T HIRIE B AT E 2 =M & 2K
FHG Hi:

GO (b= > e D =N e N@ (g 0,n), (5)
TET@(£y,65,t) n

where 7@ is a set of triangulations whose topology is [0,1] x [0,1] for a = 0 and S* x [0,1] fora =1,
and

Hrp 7@ 2249 [0,1] x [0, 1] (N L a = 0). #HFh9 ST x [0,1] R a = 1) =& RS
H

N@ (¢),6,,n) = #{T € 7@ | n(T) = n}. (6)

When defining the amplitude (5), we do not allow the one-dimensional universe to vanish during the

discrete time propagation. For later convenience, we introduce a marked amplitude:

FERE SCARME (5) I, BATAAVF— 4T B A RIS PR, WESiE, BAI5IAMRD
YRIE:

GV (01, 05:0) = 6,60 (61, 05:1), (7)

where one of the edges in the initial one-dimensional universe is marked. This is because there exist ¢;

possible ways of marking the edges. The three kinds of amplitude should satisfy the composition law:

Hrp e — 439 A —FKIAnid. X2ENIE ¢ MAlRERIARICTT o =RRIEH EH S

G (61,65t +1) = E G (61, 6:1) €GY (¢, 655 15), (8)
(0) (61,03t +1) = Z G(O) (61, ¢; t1)GE10) (6,03:t), )
GTV by b0t +1,) = Z GTV (61, 6:0) GV (0, 0551), (10)

where for a = 1, one needs to multiply the amputated amplitude by ¢ since there exist ¢ possible ways

of gluing to recover the whole amplitude.
Hi T a=1, REREBRIERI ¢, FAE o fikh & 77 I e IRIE,
It is convenient to introduce the generating function of the number of triangulations. Using the notation

SIAN=MEI D B RS E T, RIS

g= e_ﬂ' (11)



we define the generating function:

FATIE SLAE R
GO (g x. i)=Y, Y x1y2G (61, 650)
€1=1€2=1
= > D > x0ylg"N@ (¢y,6,,n), (12)
€1:1€2:1 n

where in the context of quantum gravity, x and y are related to the boundary cosmological constants, 1;

and 4, , that control the size of the boundaries:

FERFSINMNEST, x5y FEHBAFR RS RO R FHFE R, 5 4, Ak

x=eM, y=et, (13)

One can reconstruct the amplitude from the generating function through the following relation:

FATAT DAEIE AR 26 28 A S bR 5 B A IR

(@) . _ dx dy ~ .
Ga (brb25t) = 96 27Tix6’1+196 27iyfatl G@ (g x,y;1), a4
Cl C2

where the contour €; (G,)is chosen to enclose x = 0 (y = 0) and to ensure the convergence of G@ (g, x, y; t)
. One can derive the relation (14) using the identity:

HAEREE ¢, (6,) U x =0(y =0), FHRIEG® (g x,y;1) W, FATAT DRI AN 1ESE X
SHRARK 14):

96 _dz_ =08, (NEZ), (15)

izn+1
c2mizt
where the contour C encloses z = 0. We provide the composition law for the generating function when

a = 0,—1 in preparation for later calculations:

HAEE C @ z = 0, NagitfEimEes, LM% o = 0,1 B ZERKFEI & BOE

G (g, x,y;t + ;) = fﬁ 92 5@ (g,x,27%51,) 69 (g,2,y:1:), (a = 0,1),
C2mz
(16)

where the contour encloses z = 0 and for fixed g, x , and y lies inside the radius of convergence for
G@ (g,x,z71;1;) as the series in 1/z and for G@ (g, z, y; t,) as the series in z , which is possible as we will see.

HABEEGE z = o, ANFEEN gx, y &F G9(gx,z75t) XT 1/z FIRHEELAK
G (g,z,y;t,) XF z FIRPEISCE RN, BIVGESBRIX BRI,



In what follows, we will discuss the one-step amplitude G;a) (€1,€;1) . This is because it becomes an

important object when computing the whole amplitude.

TR, BATEHEASIRIE G (01, 021), REFRNEHEEERIEN 2~ NEEH R,

Counting Triangulations

=i

In this section, we focus on the one-step amplitude Gﬁla) (€1,€5; 1), which is the sum over triangulations
of a strip as shown in Fig. 1:

ATBNRETHLIRIE G (61, 6,51), TEME 1 PR KA HIFTE =M 815K

Gy (61,631) = e HOHIN@ (01,0, n = 0, + £y), 17

and count the number of triangulations N@ (¢;, €,,n = ¢, + ¢,) . Based on simple combinatorics, one
can calculate the case of a = 1, which has the S* x [0, 1] topology:

BERRBATHE = A3 0 0EE ND (6, 6,,n =6, + ¢,) . BERBHEY:, BAMTUIHEES
S x [0,1] }AFM a = 1 1B

N (61, 6,,n=146,+4¢,) =

1 (61 + 52) _ G+ -1 18)

€1 +€2 €1 €1'€2'

Because of the property (7), one can easily compute the case of a = —1 that the topology is S x [0,1],

and one of the edges in the initial one-dimensional universe is marked:

HER (7), BATAIPAREZHE a = -1, fhh St x [0,1] BANE— 4T A —FKIAHARICH)

iR

-1
NCEV (O, 63,n =61+ 63) = OND (61, 65,n = 6, + 6,) = %
1. 2.
(19)
Concerning the case of a = 0 whose topology is [0, 1] X [0, 1], there exist several possibilities depending
on the restriction on the leftmost and rightmost triangles. If the rightmost triangle is the upward triangle
(downward triangle) and the leftmost triangles is the downward triangle (upward triangle), then the counting

of triangulations yields

TN [0,1] % [0,1] B9 a = 0 16TE, FAEZRIRIRENE, BURT N fR /= MIAIERA I = F TR A RR
HRGM =M E_ L=/ (A~ =/A1), BRLEM=MENAT=MAF (9 L=MAF), =M
I EEER N

10



(20)

0 +0,-2 o
N(O)(€1,€2’n=€1+€2)=< 1 2 )_((€1+€2 )

¢1—1 ICEHITCEI
In the following, we will use Eq. (20) in the case of a = 0 for computational simplicity (If we do

not impose any restriction on the leftmost and rightmost triangles, the number of triangulations becomes
NO (b1, 65,0 =61+ 6,) = (61 + 6,)!] (6116,)))

AR, BATETE a = 0 B FMER X (20)GE AR B AR B A N =8 TR e A fr] FR
Hill, ZAFENHIEEN NO (61, 6,,n = 0,4+ ;) = (61 + )/ (£116,)

The one-step generating functions can be derived inserting Egs. (18), (19), and (20) into Eq. (12):

F2R (18). (19) F1(20) XA (12), BIRTH#ESH—4 4 BRI

o o

GO (g x,y;1) = D, D, xfyfaghirlaND (¢1,0,,n = €, + ¢,)
€1=1 32:1
1-gx—gy )
=—In (— ; (21)
1-gx)(1-gy)
_ (o] o0
GV (g x,y;1) = Z Z xfylaghta N (61, 65,0 = €1 + 6,)
£1=1¢6,=1
2
g’xy
= ; (22)
(1—gx)(1—gx—gy)
GO (gx, ;D)= Y, D) xfyfghiteN©O (¢, 6,,n =6, + ¢,)
€1=1 €2=l
2
g’xy
=&Y 23
1—gx—gy 23)

In fact, one can also obtain Eq. (22) through GV (g, x, y;1) = xaa—xé(l) (g,x,;1).
H b, BT PUEE GV (g, x, ;1) = x%@m (g, x,y;1) 152X (22),

Alternatively, it is possible to compute the one-step generating functions directly by simple combina-

torics:

FAh, BATHR] DOEIE FLhiH SECE it R — P AR R

5 =S LS (e S ls=_ _1-sx—gy ),
G (g% y31) g_ls(g::l(gx) l;(gy)) ln((1—gx)(1—gy))’
(24)
[« [+3) k 0 2 y
~1) 1 = AN k _ gX .
GV (g, x,y;1) l;)(gxg(gy)> l;)(gx) g0 (-gi—m)
(25)

11



o)

_ (o] (o] s 2
GO (g, x,y;1) =, %(kz_’,l (gX)klZ{ (gy)l> = %- (26)

s=1

Continuum Limit

SRR

All is now set for computing the amplitude in the continuum limit. In this section, however, instead of
directly computing the amplitude in the continuum limit, we will derive the differential equation that the

continuum amplitude satisfies.

WE LN H EESAR P HRIE ML TATA R, EEATH, BN ERIRIESHRR THY
RIS, TR HESESRIER E B0 7,

Before going into details any further, let us explain some basic facts of the continuum limit. In order to
remove the cutoff ¢ through the continuum limit, one has to tune the bare coupling constants (g, x, y) to their
critical values (g, x.,y.) . At the critical values, the generating function hits the radii of convergence and
therefore becomes non-analytic. Approaching such a critical point, infinitely many triangles and boundary
edges become important in the summation of the generating function, i.e., essentially, the average number of
triangles and boundary edges become infinity at the critical point. Having this in mind, one may intuitively
understand that the continuous surface would be obtained if (g, x,y) — (g, X¢, V) and € — 0 in a correlated

manner.

e — 0 R 20, FATEURIE SRR A — L BT, O T IE SRR R E s e, &4
IRRE S HEEL (g, x, y) VARERNHIGSUE (g0, X0 ye) o TEIMTHELL, AREREISRIRSCER, Fitt
DGR, YEE TIxIE R RN, To% 2 =AM IAE A REECRAIH S1E 3 S, Hite
VG5t R = AT S5 A SR ES B EAR R L2 ATH R, IDFERX—R, BT DAEM . 4
(8%, Y) = (8> Xes Vo) Tl e — 0 ¥ REKTT NI, FRATHLREMR RIESL T,

Introducing 1, = —In[g.],4;, = —In[x.] and 4,. = —In[y,.] , one can transmute the dimension of the
lattice spacing ¢ into the dimension of the renormalized bulk and boundary cosmological constants through

the continuum limit:

FIAN 2 = —In[gc], Aie = —In[x] Fl A = —In[y ] 5, FATATDUEIS ESARBRAGAE RUEBE ¢ 1=
A B EEAL A AT 5 7 BN 5 3 2 B A &

A-2 ) A=A
A=lim ==, X = lim =—¢, y= lim 2%, (27)
A=A € A=A € A= Ao €
-0 =0 -0

where A is the renormalized bulk cosmological constant and X and Y are the renormalized boundary
cosmological constants. Therefore, the divergent bare cosmological constants get additive renormalizations

so as to obtain the finite renormalized cosmological constants that set the scale at IR.

Hrp A BEBAATHERE, XMy SERLLDFRTHZHE, Wik, THNRTHEAERE
AIEERME, /2 TARNERMTHEREE, HTIRELINEER.
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In the following, we discuss the continuum limit in detail with respect to each topology of spacetime.

NXBATRE A RN 0, EAITNHEESARIR,

S! x [0, 1] Topology

1% [0,1] ¥t

We consider the case of a = —1, i.e., S! X [0, 1] topology with a marked boundary. Using the composition

law (16) and the one-step generating function (25), one obtains

BA1EIE a = —1 WITETE, B APRICILSAYT ST X [0, 1] #adh. FIFH & At (16) Fl—H £ i pR %k (25),
CIEE:

GV (g, x,y;t+1) = 95 —5( U(g,x,z751) GV (g,2, ;1)

27iz
B dz g’x GV (g zy;t)
21— gx)* (z— g/ (1 - gx) z
__8& ~(-1)( 8 . )
l—ng g,l_gx,y,t . (28)

In the last equality, we have picked up a pole at z = g/ (1 — gx) , and there exists no pole at z = 0 since
C 02y is regular. Through iterative use of Eq. (28), one can analytically compute the generating function
and ezxtract the information of the critical point [9]. However, we do not compute the generating function
directly to obtain the critical point. Instead, we follow the procedure shown in [8]: One assumes the existence

of the critical point and determines the value of the critical coupling constants from the consistency.

FERE— MR, RAITRINT 2 = g/ (- g) R0HsE, mT S92 BEN, 2= 0 &7
e, R (28), TRATAT DARRAT I 4 R RO HRERIG SR S A 0], BRI
FEBH A RSO S RIS, TRRESCit [8] 77 SR s e, P FATE
I SR 5 B BB

We assume the critical point characterized by the critical coupling constants (g., X, y.) and use the fol-

lowing parametrization:

PATMEIB e 57 5 I 1 SR 5 2 (g X0 ye) ZIE,  FFRFAAN 25

—e2A

g=8ce " x=x¥, y=ye . (29)

Assuming the scalings

{BRIBAR 2L A

13



T =c¢t, L, =¢by, L, = €t5, (30)

we introduce the renormalized amplitude and the renormalized generating function at the critical point

by the multiplicative renormalizations:

TATES T EIEM, 51T RAL A E R ARG BB A 2R bR L

G (L1, Lo T) = lim GGy (61, £:1), (3D)
E—>

VXY T) = lim C.GV (g, x,y; 1), (32)
E—

where C, and C; are real functions of ¢ that will be fixed below. The function C. can be determined in
such a way that the composition law (10) holds in the continuum limit as

Hp ¢, f C, /22T e ISLREL, B1E RXHIE, Al DUBIT RU-HIEREL C. , HFESAR NE K
#(0) oz, BN

(o]
GS\_I) L1, Ly + 1) = f dLGE\_l) (L1,L; Th) Gi\_l) (L, Ly Ty), (33)
0

which is possible if C, = ¢~! . The function C, can be determined in such way that Eq. (12) makes sense

in the continuum limit, i.e.,

A C = e NZSARGL, ATRUBESRAERE C,, M5 (12) SRR NAE Y, B

GV x, YT = f dL, / dLe XYL\ (1, L,; T), (34)
0 0
which is possible if C. = &/ (x.y.) -
Y C, = e/ (xeye) RIS AL,

Using the scaling behavior (32), Eq. (28) can yield the sensible continuum limit if the critical coupling
constants satisfy

AMMPREAT N (32), HlRSHEEHEGRE T, W5 (28) AIfS2I & H R ELLNIR:

8cXe 8¢ 1
=1, = = -, =1. 35
1-g.x, 1-g.x, Xc = & 2 Xe (35)

Now we wish to take the continuum limit of Eq. (28). For notational convenience, we redefine the

renormalized coupling constants as follows:

IAERATN N (28) BUELARER, AfAifkic S, FANEHTE CEBME HET:

14



_ 1 _aa
g_ 2e

1 1
§<I—§EZA), x=eX=1-¢eX, y=eY =1—¢Y.

(36)
Plugging Egs. (30) and (36) into Eq. (28), one obtains the differential equation:

K=K (30) F1 (36) FRAT (28), RIS TiHE:

0 ~-1 om0 ~(-1) '
370n (X,Y,T)_—aT([(XZ—A)GA X, v;7)]. (37)

Doing a little math, one can also derive the continuum description of Eq. (14):

S FRAES, BANER ISR 14) FESAR L

c+ioco c+ioco
ax Y | x,1,vF-D

: el XY GV (X, Y; T),

c—ico 27l c—ico 27

GE\_D (L1, Ly T) = /

(38)
where c is a suitable real number. Using the inverse Laplace transform (38) and Eq. (37), one obtains the
differential equation that the continuum amplitude satisfies:

Hrr e B—NEERSEEL MAZHE AT (38) F13K (37), FATAT DAS B SRR IR i 2 A3 o0
JitE:

0

-1 S(— -1
3708 (L LT) = =AY (L) 61 (L1, Ly T, (39)
where
Hrp
A1) 92

Asaresult, one can interpret the continuum limit of 2d CDT as a quantum system of the one-dimensional
universe with length L that propagates in time T following the quantum Hamiltonian (40). The quantum

Hamiltonian (40) is Hermitian with respect to the inner product:

(K, FATTAT AR — 4k CDT RESARR iRy —ETFHE TR TRS, KENL, IHERTHR
R (40) TERA T L{Efk, B IREWiE 40) X0 FABUZIERE:

/ . Lo oAM= [ FE 0. (4D

0
The differential equation for the un-marked amplitude can be easily read off inserting the continuum
limit of Eq. (7)

R (7) BFESRIRICA, R ESRIRPRICIRIBAI 2 77 12
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GV (@, Ly T) =L,GY (L, Ly T), (42)

into Eq. (39):

2= (39) H:
0 A
570W (L, Ly T) = =AY (L) G Ly, L 1), 43)
where
Hrp
40 92

The quantum Hamiltonian (44) is Hermitian with respect to the inner product:

BT IRETE (44) X T A FREUZIEKAT:

[e5] [¢3]

f LdL$* (L) (AVY) (L) = f LL(AV$) (L) (L). (45)
0

0

[0, 1] x [0, 1] Topology

[0, 1] x [0, 1] #h#t

Let us consider the case ofa = 0, i.e., [0, 1] X [0, 1] topology. We basically follow the procedure shown
in section ” S x [0, 1] Topology.” Using the composition law (16) and the one-step generating function (26),
one obtains

BAPREIE a = 0 BUELL, B [0,1] % [0,1] b, FRATEAEE “St x [0, 1] #Fh" /N ihga g
B, MHAERUER (16) M—H A LR (26), AIfF

~ dz ~ ~

GO (g, x,y;t+1) = 95 ——G(g,x,z711) G (g,z,y;1)
c 27miz

- & g GO (g, 2310

-~ T c2mi(1-gx)(z—g/(1—gx)) z

—oxGO (g & .
g6 (8.2 i), (46)

From Eq. (46), one may obtain a sensible continuum limit if the critical coupling constants are the same

as before, i.e., (8¢, Xc, ye) = (1/2,1,1), and if the multiplicative renormalization is treated carefully:

RIE (46), HIRFEEE RS Z AR (g, xe ye) = (1/2,1,1), HRMWEEBMAEG S, win]
UG E 5 FRAE SRR

16



R (X, Y:T) = lim -G (g x. y30).. (47)
£—

In fact, this assumption yields the correct continuum limit. Plugging Eqgs. (30) and (36) into Eq. (46) and
using Eq. (47), one obtains the differential equation:

X L, BEAT UGS EIEFRESARAR, KX (30) F1:X (36) AR (46), BRI (47), A1
TR

9 =0 . ~(0) .
370 (X,Y,T)=—(X+(X2—A)a7)cA X,Y;T). (48)

Defining the continuum amplitude in such a way that the inverse Laplace transform (38) holds in the

d

case of a = 0 as well, i.e.,

PATXFEE SOESARNE, (EU RIS R #t (38) 7£ a = 0 BYIEOL RREIFERGZ, B

c+ico c+ico
ax ay L1 X ,L,Y A(0)
— —e1%e2t Gy X, Y;7), (49)
c—ico 27 27l

i - [

c—ico

and using Eq. (49), the differential equation (48) becomes

HEEAEN (49), MO HE (48) N

9
T

where H© is the quantum Hamiltonian obtained in Refs. [31,32]:

0 Fa 0
G (L4, Ly; T) = —HO® (L) GV (L1, Ly; T) (50)

Heh 4O 253k [31,32] FE RN R FIG R

HO (L) = _aiLLaiL + AL. (51)

The quantum Hamiltonian (51) is Hermitian with respect to the inner product:

BTIREWE (51) X T TFARRRIEARE:

o [Se]

f dLg* (L) (HOp) (L) = f dL(AO¢) L)Y (L). (52)
0

0

Short Summary of 2d CDT

AR A A=A (2d CDT) BEE
As discussed in section “Continuum Limit,” the continuum limit of 2d CDT is described by the quantum
mechanics of a one-dimensional universe with length L that propagates in time T based on the Hamiltonian

JAOK

17



BN “SEGMRIR” — TR, 4R RIS =M EI 2 HNESMRIR AT —MREN L, BT IRETE

A@ LR E] T Asifb i — 458 & ) 2 A

8° 0. 20

2
HD = —La% +AL, HY = —3spL+AL HO = - ZL— + AL,

oL dL
(53)

where the label a classifies the topology of the one-dimensional universe: S* and [0, 1]fora = 1anda = 0

, respectively. When a = —1, the closed one-dimensional universe is marked. Let us define the eigenstates of

L as |L), that satisfy the completeness relation:

HAPRIC o X —4EFHARFNHIT 2K STRI[0,1] 73N M a =1Fla=0, Ha=-1H, XM

A& —4E T, TATR L FAERE SO R e s MR R L), -

7 * ! 1 !
i =f LdLIL) (Ll & o(L|L)g = 76 (L~L).
0

Note that |[L)_; = L| L), . One can then express the amplitudes as matrix elements:

ER L), = L L), o BOERITA] AKHRIE R N R

GV (L, Ly T) =, (L, |e—Tﬁ<1>| L),
GV (L Ly T) =, <L2 ‘e_TﬁH)|L1>_1,

GES) (L1, Ly T) = <L2 |9_Tﬁ(0)‘ L1> 0

Using Eq. (54), one can show that the composition laws hold: For a = —1,0,

A (54) FTIERAAH AN AT a = -1,0,

o0
ng) (L1, Ly; Ty + T) = f dLGXl) (L, L; Ty) G%) (L, Ly 1),
0

andfora=1,

mMXNTFa=1,

[s9)
1 1 1
GV (L, LT+ T) = f dLY (L1, L; T) LGY (L, Ly; T).
0
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2d Projectable Horava-Lifshitz Quantum Gravity

—HEN B ENL BL-FERA R 151 )

We wish to introduce the classical field theory that reproduces the continuum limit of 2d CDT once it is

quantized. The field theory is a certain version of the two-dimensional Hotava-Lifshitz gravity (2d HL gravity).

BAEENARN G R TG EI 4 CDT ESAMRRNAE IS, XIHI0R —4EEH LRI
K510 (Z4E HL 5107) B —DREERR A

The starting point is the same class of manifold with a foliation (1) where };, is a one-dimensional space
labelled by ¢ :

BAINH K RUR R — 2K HORESMITE (1), HA Y, 2 ¢ bRIChy—4E=S )

Zt ={x*eM|f(x")=t}, with u=0,1. (60)

Choosing that f (x*) = x0, the time direction can be decomposed into the two directions, i.e., the normal

and the tangential to ), :

W f () = x0 J7, WNRTTAERNEET Y, BIFAAMDIE P77

6x

@) = = Nn* + N'EY, (61)

where n# and E}’ are, respectively, the unit normal vector and the tangent vector defined as

Hrnt #0 EY 3 B2 s BRI, 8 SN

1 N!
nt = (ﬁ,—ﬁ>, Ef = &Y. (62)

Here N and N! are the Lapse function and the shift vector. Through the use of Eq. (61), one can
parametrize the metric g,,,, on M as follows:

AL NI N RN B ASR R, AR (61), BATAILOK v ERIER g, S8V
e

ds* = g pdxHdx’ = —N2dt* + hy; (dx + N'dt) (dx + N'dt), (63)

where t = x° and x = x; hy; is the spatial metric on ), , defined as hy; = EVEY 8w
/E\:':P t=x° *H X = xl; h’ll %%S{E Z[ LE@?I\E’JEE, EI] h’ll = E{lEi)g’uU

2d HL gravity is a field theory that preserves the structure of the time foliation, or in other words, it is
invariant under the foliation-preserving diffeomorphisms (FPD):

19



— 4k HL 51 12 R RIFIRERIE, 52, EERHIREHH o R (FPD) MRFFAZE:

t—=t+E(@), x> x+ & (t,x). (64)

The fields transform under FPD as follows:

A% FPD T HYZSHAUNT:
Schyy = E%9hyy + £101hyy + 2h110,E, (65)
5§Nl = f'“aMNl +N16M§'u + hllaogl, (66)
5eN = £#3,N + NyE°. (67)

where N; = h;;N' . Here if a function is a constant on each foliation 2., » such a function is called
projectable. In fact, implementing FPD, the projectable Lapse function, i.e., N = N (t) , stays as a function
only of time. The HL gravity with the projectable Lapse function is dubbed the projectable HL gravity. Since
it is 2d projectable HL gravity that reproduces the continuum limit of 2 d CDT once it is quantized, from now

we focus on this special version of HL gravity.

HA Ny = by N' o B DERBIER ARG 3, ESOAEE, WIFRGZEECR AT R, Kk,
SCHE FPD J&, AT INEEEERI N = N () 50O RIRT R 2K, Rl SR NS B A HL 5174500
NAHRE HL 510, BT IER 485 HL 5[ NE B FUSEBL T 2 d CDT ABESHARIR, &% Tk
BATRHRET HL 5003 —FFIRRRA

The action of 2 d projectable HL gravity is given by

2 d A% HL 510 REF 2 R 4AH

I= / dig =1 f dtdxN (t)Vh (6, x) (1 — 1) K> (t,x) — 2A), (68)

X

where £ is the Lagrangian; 7, A, and x are a dimensionless parameter, the cosmological constant, and
the (dimensionless) gravitational coupling constant, respectively; h is the determinant of the spatial metric

hyy , i.e., h = hyp; K is the trace of the extrinsic curvature K;; given by

Heh g BRMIIHE; A, « 2BIRTEENSE. FHEELH CCRN) 51IMEaEE; h 22
AL R hyy BATHIEK, Bk = by K Z5MNER Ky B98, B RéaH

1 .
Kll = T\T (50 - 2V1N1) N Wlth VlNl = 51N1 - FlllNl. (69)

Here I} is the spatial Christoffel symbol:

AL T 2% A v T 2R /R T S
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1
hh = Ehualhu (70)

One can in principle add higher spatial derivative terms to the action (68). However, such terms are not
necessary because the model is renormalizable in two dimensions without introducing them, and therefore

we omit such terms.

JE_ER] PATESE T (68) AN ASE w22 A S80I, (HIXLETTFAELE, FNIZEREARSIAE]
AUTROL R T 4R AT R, (R IRATIE IS T IXRIA,

The continuum limit of 2d CDT can be precisely obtained if quantizing 2d projectable HL gravity with
the following identification of parameters:

X ZHER B HL 50 B FUE, @I N SEITEC AT ARSI 2 4k CDT AYIESARIR:

A
A—m,?]<1,1€—4(1-7}), (71)

where A is the renormalized cosmological constant of CDT defined by Eq. (36).

Hh A 23 (36) B X CDT EEAVFH2EH L

Quantization
w1k

Let us overview the quantization of 2 d projectable HL gravity shown in Ref. [15] (see also Ref. [17] for

another article examining this issue).

TNEBATBERSCHER [15] Frga A 2 d AT DL FL- R A k5 | TR B Ud R G TR 7 —
W5E I 2 WSk [17]).

We introduce the conjugate momentum of VhasIT, which satisfy the Poisson bracket:

A5 VR B ER T, il NS S

WVh(t, 0,1, x)} =6 (x—x'). (72)

Through the Legendre transformation of the Lagrangian (68), one obtains the Hamiltonian of 2d pro-
jectable HL gravity:

XHEASEA H & (68) LA, RIRI1SE] gk n] S bl FL- L RA k5 | T R G i &

H='/.dx(1'[(t,x)6t\/h(t,x))—£ =N(t)(:’(t)+fde1 (t,x) CL(¢t,x).

(73)
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Since 2d projectable HL gravity is a singular system due to the invariance under FPD, there exist two
kinds of constraint:

H FPD A3etk, “HEnl B hl - B Rm RS | 12— N RARL, FEMELR:

611_[ (t, x) ~0

N
e(r):f (4(1 Hz(t x)Vh(t,x)+ A\/h(t x>~0 (75)

where C!(t,x) =~ 0 is the momentum constraint and C (¢) ~ 0 is the Hamiltonian constraint, which
is global because of the projectable Lapse function (The Hamiltonian and the momentum constraints come
from the consistency conditions that the primary constraints, [Ty ~ 0 and Iy, ~ 0, should be preserved

under the time flow where ITyy and Iy, are the conjugate momenta of N and N; , respectively.).

Clt,x)=— (74)

Hrp Cl(t,x) ~ 0 BENBAK, C (1) = 0 BWEWLIH,; W T AIBEEARNHERS R ERIIRE], 15
TR F R LI R (WL R S S B HK B FHIZIHR Ty ~ 0 F Hy, ~ 0 fEM Rl AR5 CREEF
TER—BESAMF, Hb Iy M Ty, 72502 N # N, B30 &),

The strategy is to solve the momentum constraint (74) at the level of classical theory, i.e.,

AT RREL MBI R HR A B LR (74), HI:

Cl(t,x)=0=>TI(t,x) =I1(¢), (76)

meaning that the conjugate momentum becomes a function only of time. Applying Eq. (76), the Hamil-
tonian (73) reduces to the one for the one-dimensional system:

XERE S B OOV E R E R, RAK (76) Ja, WMEEE (73) BN —4ERGHING B E:

H=N(t)<mr{2 (OL®E) + AL(t)) with L(t) = f dx\/h (%),
(77)

where L (¢) is the invariant length of the one-dimensional universe. Let us discuss solutions to the Hamil-
tonian constraint. If (§ — 1) A > 0, one has a solution:

HA L () B—HFHOAERE, FTHRMVSEEWRLARNE, & 0O-1DA>0, AfSH#:

8n—1)~
n-1 x
K2
which means that the extrinsic curvature is a constant. On the other hand, if (n— 1) A <0, the only
solution is

2 = , (78)

XEREIMIREE R, H—H, #@-1DA<0, ME—fEH
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L=0. (79)

Hereafter we apply the parametrization (71): We choose (n — 1) A < 0, set the unimportant dimension-

less gravitational constant as ¥ = 4(1 — ) , and redefine the cosmological constant as A = . Since

2(1-m)
x > 0, this means that 7 < 1, which selects the correct sign of the kinetic term and the positive cosmological
constant A > 0. The dynamics of the classical 1 d system with the Hamiltonian (77) can be alternatively

described by the following action:

ETIRBATRASEIL (71): BAHER (n - DA <0, KAHEENTENTIHEBIE N =41 -1)
, HEMELFEHERBNA = =, BT x>0, XEKE <1, HILATEHEETERR

21-n) °

SURETHEHERA >0, WETEN (77) NEH 1 d RGEHIENI AR DU 1 &Rk

1

- 2 (1)
> ff“(m - AN(f)L(t)>, )

where L (t) = %L (t) . We then introduce the proper time:

HA L () = %L(t)o B RoRFA1B | AEE N

7(s) = f dtN (1), s € [0,1]. (81)
0

Since the proper time (81) is invariant under the reparametrization of time, t — ¢ + £°(¢) , if one fixes
the Lapse function as N () = 1, the length of the one-dimensional universe L (7) is also invariant under the
time redefinition. Therefore, it makes sense to discuss the amplitude such that the one-dimensional universe
with the length L, := L (r = 0) propagates in the proper time 7 and ends up with the universe whose length
isgivenbyL, := L,(t=T).

BT EA RN (81) TEN RSB FAZE, Bt —> t+8° (1), R R R EEE AN (1) = 1, —4E
FHRATKE L (7) BAERRIEE CRAEE, B, BRI PASHEIn R ERIEIRIE: KIEN L, = L(r=0)
AI—4E TR EEA RN « Pk, REMRAKENL, = L, (t = T) B—4EF4,

With this understanding, we consider such an amplitude based on the path integral. For convenience,

we rotate t — it , which is possible, thanks to the foliation, and introduce the Euclidean action:

ETRX—INR, BANETHEROWIRZEOTIRIE, N7 @R, A ¢ - i 8 Wick #3), %
i FHPIRESHIX R AT THY, BEESIAR LRSS EHE:

1

> (1) )
Sg = dt| ———=—+AN@)L(t)|. 82
e= [ a(ag i +ANOLO (52

Using the Euclidean action (82), the amplitude becomes

A LESER R (82), BRIEIRIERE N
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LQ)=L,
DL (£) e~SEIND.LWO)] (83)
L(0)=L,

DN (£)

GA Ly, Ly; T) = Diff[0, 1]

where

=

1

T = f OdtN(t). (84)

We fix the Lapse function as N () = 1 introducing the corresponding Faddeev-Popov (FP) determinant.
Since the FP determinant only gives an overall constant, we will omit it in the following. After the gauge
fixing, the amplitude (83) becomes

BATEL G AR HTEFEH R AR R (FP) ATHIFCR S B ALE N N (1) = 1. BT FPATAIZY
B DRAEE, BAME IO RHAR, MEETE, JRIE(83) 2N

T

L(T)=L, 20
G (Lo Ly T) =f DL(r)exp[—der(“(r) +AL(T))],

L(0)=L,

(85)
where L.(7) := %L(T).

HA 1. (7) = %L (0o

So far, we have not specified the integral measure DL (7). We apply the three kinds of measure given by

FIHFCNIE, BATGRAEIAME DL (v) . BATRALN 4 H 59 =FmlE:

=T
D@L (z) = [] 19 (x) L (D), (a = 0,%1). (86)
=0

Accordingly, we consider the three kinds of amplitude, i.e., 95{1) (Ly,Ly; T), and rewrite them introducing

the quantum Hamiltonian H@ :

R, FRAT1% P =APRIE, B 6% (Ly,L,; T), FHEESIAR FRETE A Helks h:

9 L, Ly T) = o (Lo |e" ™| Ly} (87)

where the eigenstates of L satisfy the completeness relation:

Hrp L IAIESH R EEEXRR:
1= f I9dL|L), (L] & o (L | Lyq = L—ta(L _D). (88)
0
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In order to read off the quantum Hamiltonian H@ , we discretize the proper time interval in steps of &
and calculate the one-step matrix element G(a) (L,L';¢) . The normalization can be fixed so as to satisfy the
following equation:

ATHSFHEFEHTE A9 | RAMKEEGREXE L ¢ AP KEHE, HHEASHEMTT
G (L.Lse) o ATLAIA— ﬂ:l%jﬂwp@?‘ﬁ

lim L“dLg(a) (L,L¢) =1, (89)
€20/ 9
which comes from the completeness relation (88). The result is

ZACRE BRI (88), 4HRN

N(1—a)/2 _1)?

LL @y

EL) et (90)
L'\ 4mel!

Integrating the one-step amplitude together with a function, ¢, (L) = (L | 9), fore <« 1, one can read

(a) (L L/ )

off the quantum Hamiltonian:

X ERAARIEFI AL o, (L) = oL | ) KT e < 100G, BIAI{SEIE FIGHiiE:

Ya (L38) = o (L =

¥)

= / LadL < >aa<L | 7,0)
>y (L) — eHO, (L) + O (£3/7). (91)
Using Eq. (90), one obtains
FIA (90) AI15
A d? d _d - d?
HEV(L) = —Lo + AL HO(L) = —pLap +AL HY (L) = —qpl+AL
92)

The quantum Hamiltonians (92) obtained by quantizing 2 d projectable HL gravity are precisely equiva-
lent to those obtained by the continuum limit of 2 d CDT (see Egs. (40), (44), and (51)). The amplitudes are
related as follows:

S B 2 d AR EN FL-FIRA k5 [ 1SR & FIREWiE (92), Sl 2 d HRSES=fAH
INESAR RIS 2R B IR E e 2 F 0 (X (40). (44) W (51)), HRIEHELT T RAR:

sV, ;) =L6\Y (LI T)
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SO, ;1) =GP (L,I:T), (a=0,1). (93)

Thereby, we understand that the classical field theory that reproduces the continuum limit of 2 d CDT
once it is quantized is indeed 2 d projectable HL gravity. The projectable Lapse function allows us to introduce

the reparametrization-invariant proper time and to reduce the 2 d field theory to the 1 d system.

I EATAI A, B TEREEI 2 d KRS = A3 ES AR R A 702 2 d iU E
P E-FIRA KT o ISR R F RIS I ANEHSEUCALZEE IR, % 2 dFiedtkh
1d &%,

Sum over All Wormholes and Baby Universes

XA S ) Ly i SR

In the CDT model, the spatial topology change is not allowed to occur by definition. One can generalize
the 2d CDT model in such a way that spatial topology changes do occur in keeping with the foliation structure,
and the universality class is the same as that of 2d CDT. Such a model is called generalized CDT (GCDT).
GCDT can be constructed as both discretized and continuum models. Here of course the continuum model
can be obtained by the continuum limit of the discretized model, but one can directly construct the continuum
GCDT model promoting the one-dimensional quantum-mechanical system discussed in section ”2d Causal
Dynamical Triangulations” to a 2d field theory that includes the splitting and joining interactions of the one-
dimensional spatial universe. Such a field theory is dubbed the string field theory for CDT, in which the
string means the one-dimensional universe [22]. In this section, we introduce the string field theory for CDT
and briefly explain the fact that one can take the sum over all wormholes (i.e., handles) and baby universes
[25, 26]. Here the baby universe is a portion of geometry that is pinched off from the ”parent universe” and
vanishes into the vacuum. We also introduce an effective one-body theory that reproduces the many-body
effects coming from the splitting and joining interactions. We then discuss those effects in the context of HL
gravity [28]. In the end, we show that a sort of Coleman’s mechanism works when taking into account all

contributions of wormholes and baby universes non-perturbatively [30].

£ CDT B A 208 SO AR VF 22 AT 2 AR R FRAT T AT DAKE — 4k CDT R AUHE ™ (15 23 RN ML
REMSAEARFEHOIRGS AT RTTE Rk 4, HERS 4k CDT — 8 IXIHBAIPHR M) X CDT(GCDT),
GCDT BERT DIMIE R RS, ] DUME RS, 4R, X AL ] DO I B Al
AIZESEARBRIG 2, B AT DIEHAYIEES: GCDT B . “ 4RSS =A%HD" —Wiher—
BB T HFERGETI N —4E71e, WA AT H DR GMEHEIEMH. XIEAIEHHN CDT
AUszsmie, HAPRIZIRRIE —4E 78 [22], ATENKENA CDT 2371, MZB R N ATE
R (RIFA) FI%2) L8 SRABIEEIE [25, 26], MACEILFHTEM “BEF " WaliE. HAEIE
R/ N LA X, BABER N — DA RARTEIE, Bn] DIE 25 S B AR
HIZARRIN, ZJGBATTRAE HL 51 HIRESE R IR LR, [28], G FATRAER, SRttt
NFTE R LT ATk, S48 —2KRUREHH] [30].

We introduce an operator that creates a marked closed string (i.e., a marked closed one-dimensional

universe) with length Lwt (L) , and an operator that annihilates a length- L closed string without a mark,
Y (L) . These operators satisfy the following commutators:

26



BATSIA—DERF, HRAERKEN L v (L) BRI (BIRPRICH) —4EA 7 8), EsIA—1
PR KN L TCARICARIRRT W (L) » XA BRI I 5K F:

[¥(@), ¥ @)]=6-L), [¥@),¥I)=[¥@),¥ T)]=o0. (94)
The vacuum state | vac ) is defined by the equation: ¥ (L)| vac ) = 0. The CDT amplitude (57) can be

expressed by sandwiching the one-body Hamiltonian:

HZ37 | vac ) is defined by the equation: W (L)| vac ) = 0, CDT Rl (57) RJ PAZRIN A BA RIS 3 i i
I =7ETE

GV (L, Ly T) = (vac] W (Ly) e ™7V G0y (1) | vac), 95)
where
Hrp
vy [ dL i
7Y@ = /0 Tqﬁ (L) (—L@ +AL|¥(L). (96)

Hereafter we omit the superscript (-1) for avoiding notational complexity. Adding splitting and joining
interactions into the free Hamiltonian (96), one obtains the full Hamiltonian of the string field theory for CDT:

NfEHIES, BAEECEWR LR (1), 75 HHRETE (96) FIMADHRSMEMHELER, ez
CDT 5Z37EHI RIS T & :

H =H e — gsf dLl/ dLy ¥ (L) 9T (L) (L + Ly) ¥ (L + Ly)
0 0
_“gsf dL1f dLy¥" (L) + L) L¥ (L) L% (L,)
0 0

- f dLS (L)% (L) 97)
0

where the second, third, and fourth terms, respectively, mean the splitting interaction with the string
coupling constant g , the joining interaction with the coupling constant ag, , and the term associated with
a string vanishing into the vacuum. Here the parameter « is introduced for counting the number of handles
(i.e., wormholes). One can in principle calculate the amplitude for the process such that m closed strings

propagate in time and end up with n closed strings:

Heps =, = BT B2 e E W g R ZMHEMER, HlE R ag, RS EIE
A, PRSZHEAREIEZ X, XESE o SRS AN (BRTR) f8E, 5 ERATA]
DU RN NI AR ARIE: m D ASZRERN RIS, BN n DA

ALy, Ly LY, -, Liy; T)
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= (vac|¥ (L)) -+ ¥ (L) e 7T (L)) - ¥T (L,,)| vac) (98)

Effective Theory

AR

Let us consider the full propagator A (L; L,; T) that includes the sum over all genera and baby universes.
We can set « = 1 without loss of generality since the parameter « plays a supplementary role and we are inter-
ested in taking the sum over all genus contributions. Somewhat miraculously, the full propagator defined in
the many-body system with the Hamiltonian (97) can be effectively described by the one-body system [25, 26]

BAPRBIECUEIA S5 RILFTHRMBZR2ERET AL Ly T) o BATAIDIAK— RS
a=1, KNS a (GERBITEM, MBARERRNTE TR, Hotarie, XNE
MAEM TR (97) #RHIZARGHRIE 2L T, A AR RS [25, 26] AR

ALyLy T) = (L, |lemTHea@o| L, ), (99)

where H is the effective Hamiltonian given by

Hoep A 240 R 48 A RO iR

2

H L) = —L% + AL — g I2. (100)

This is possible because there exists a bijection called Ambjern-Budd bijection [24] such that one can map
each geometry generated in GCDT to a branched polymer with loops at the discrete level. The last term in the
Hamiltonian (100), —gsI? , expresses all the effects originated with the baby universes and the wormholes.
Note that the Hamiltonian (100) is not bounded from below because of the last term, but in fact this system
is known to be “classical incomplete,” which means that the Hamiltonian has discrete energy spectra and a
set of square integrable eigenfunctions (see, e.g., Ref. [33] for a pedagogical explanation about the classical

incomplete systems). A similar deformation has been observed in the ¢ = 1 noncritical string theory [34, 35] .

XZFTARIAT, RN E— DO 2 L) B - AR R RS 2R [24], WTRAKF GCDT FRAL
B LIRS B BUR T B R 7 SR EP). WMEWE (100) MRG0 —g, 2, A T2)LFH
FERT AR P E RN, FEREMEWE (100) R&/E—Dm S5, HER EIZRGRE “Girse
&7 1, XERERET R A EEEEEN—H V77 A AE R R T EIAE & RGHEEA M
JERES DLBIANSCHR [33])e EARITEARBTE ¢ = 1 ARIGSRLILIE [34, 35] AOIE,

The full propagator (100) can be also described in terms of the path-integral:

SEEfETE T (100) AT DA AL i
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L(T)=L,

T
DL (1) exp [—f dr ( L (2) + AL(7) — g,I? (1))]

A(Ly; Ly; T) =f L)

L(0)=L,
(101)
where the integral measure is given by

HApRr M i~ 4a

=T

DL(t) = [[ L (D) dL(2). (102)
7=0

In order for the functional integral (101) to be well defined, one needs to choose the boundary condi-
tions on L (7) at infinity such that the kinetic term counteracts the unboundedness of the potential. If one

generalizes the integral measure (102) as

NTIEZERY (101) REN, FENTETIZAN L (1) EBOL 5, ER3hRENHEE e TTR
P WERAEF T (102) HE N

=T
DPOL(r) = [[L*(D)dL(x), (a=0,%1), (103)

one can recover all possible orderings of the effective Hamiltonian (100) following the procedure ex-

plained in section "Quantization.”
BATHAT AR “BF ™ — NP, SEA G ETE (100) A A AT RERTHER

Interestingly, one can reproduce the full propagator (101) if one considers that the cosmological con-
stant A in Eq. (85) is not a constant but fluctuates independently in time around A , following the Gaussian
distributions with a standard deviation o = 24/g; :

ARERE, WRBATANK (85) PRFHFHH A NEER, MEESE A R RS,
TEVREZEN o = 24[gs BT AE, WAl AERPLSE LR T (101):

ALy Ly T) = / Do) w0 OG, L (L, Ly ), (104)
where
Hrk
L(T)=L, 20
Gnro Lo Lyi T) = f @L(r)exp[— f dr( L +(A+u(r)>L<r))]
L(0)=L, 0 4L (7)
(105)

Therefore, all the contributions coming from the sum over all wormholes and baby universes can be fully
taken in if the cosmological "constant” in (the continuum limit of) 2d CDT or projectable HL quantum gravity
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where no wormholes and baby universes exist is not really a constant but fluctuates in time. This would lead

to a realization of Coleman’s mechanism that will be discussed in section "Coleman’s Mechanism.”

(KItE,  GHERANEE RIS L5 8 B —4ERUIREAS =M E7 (—4E CDT) BRI FL- R 24
RESEEMNFNE

BT510 CESMIR ) R F Y “WEC HAFREREE, M2 sk,
HRAANE LTSRN TIRR, XX LBRUR LS, BATKAE “BURENH” —I5iFiE,

In the next section, we will show that the full propagator can be also obtained if quantizing 2d projectable

HL gravity with an effective wormhole interaction term.

FER 7, AR, 00 R TRAH B T 4 Rl e B 1 bL- R R 245 | 1 & 7R,

A AR RIX e 2 e i 1

Wormbhole Interaction in 2d Projectable HL Gravity

—HEn$5E HL 511 Ry S A AR

Let us consider the 2d projectable HL gravity with a space-like wormhole interaction given by the follow-

ing action:

IEBATE B ERS RAMEE AN 4 #5 3L 5171, HIEFHEWT:
I, = %fdtde(t) Vh(t,x) (1 —n)K?(t,x) — 2A)

+B / dtN (t) / dx;dx,\ h(t, x;) Wh(t, x,),

where f is a dimension-full coupling constant. The last bi-local term can be interpreted as an effective

interaction term for a space-like wormhole connecting two distant regions at a given ¢ . This bi-local term is

(106)

allowed to be included since it is invariant under FPD.

Hrp g2 — M BN SH L. &5 —TOURIBIA] DAAFREIERLE « M MEZ X IR 2E =
HIAERAH I EH I, B TIZTE FPD 2 N, RGN,

Following essentially the same procedure explained in section "Quantization,” let us quantize the system
defined by the action (106). Introducing the conjugate momentum of the density \/ﬁ as IT, we introduce the
Poisson bracket (72). Implementing the Legendre transform, one obtains the corresponding Hamiltonian:

B R AN IRHBEANFE R, BAT BEH R (106) E XHRGHITR . KE
BV h AT RE SO TLIG, A3 S (72) SEIhILAEAE M, TS IR B A0 2 TR

(107)

H, =N(@{)C, (t)+ / dxN; (t,x)CL (t,x),

where
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5

3,11 (t, x)
eL(t,x)=-—21—""ZH »
(t, x) NS (108)
Cw(t)zf (4(1 Hz(t x)Vh(t,x)+ A\/h(tx
—B\Vh(t,x) / dx,\hi(t, xz)) ~ 0. (109)

The constraints (108) and (109) are the momentum constraint and the Hamiltonian constraint, respec-

tively. Solving the momentum constraint (108) at the classical
LI I (108) F1 (109) 77 A2 s Em A RAIG IR LR, FZHli—FFES
level as before, the Hamiltonian (107) reduces to the following one-dimensional one:

BEHEREHNELIH (108) j5, MEWE (107) 2N K —4EE

HW=N(t)< I () L(t) + AL(t) BI? (t)) (110)

4(1-n)
where L(t) := [dxy/h(t,x). The Hamiltonian (110) is subject to the Hamiltonian constraint:

HAPL@®) = fdxVh(t,x). WBEE (110) i#/EMER T EL

L(t)(4(1 )Hz(t)+ A ﬁL(t)) (111)

Here we choose the CDT parametrization (71). A solution to the Hamiltonian constraint (111) is

HAAFRATTEE CDT 280k (71), MBI EZIHR (111) —ME2

2 = —A+BL >0, for VAL > 1/¢, (112)

where £ is a dimensionless parameter given by & = 8/A32 . For AL < 1/&, the only allowed solution is
L=0.

Heh £ 20 € = g/ BHINTERNSE, MT VAL <1/E, WE—RFNMZL=0,

When quantizing the system, if we follow the same procedure described in section "Quantization” and set
B = g, , one can reproduce the path-integral of the full propagator (101). Remember the boundary condition
for the path-integral (101), i.e., the kinetic term should counteract the unboundedness of the potential term
at L = oo . This balance between the kinetic and potential terms is precisely what is reflected in the classical

Hamiltonian constraint (112).
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MZRGUR TN, QISRIBAENE “BFA” D RERRIMHFEBIFE 6 = g, , WA PAEMH
SEREET (101) FESIER). IEICIERIRIT (101) RUILSAAF: RIZhREUIRR ZHE S IE L =
RERITEF I, BREDTAN AT IR X AR 1E 2 22 BUIG T B £ 5R (112) AT

Coleman’s Mechanism

R AL

In this section, we discuss a sort of Coleman’s mechanism in the context of two-dimensional gravity based
on CDT briefly.

AN ZEIICET CDT 451 15 = FI—2REBYR ML,
Let us define the two kinds of Wheeler-deWitt equation:

BERBATTE SRR RS -8R 75

AW, (L) =0, HsW (L) =0, (113)

where H := H"Y introduced in Eq. (53). The solutions to the Wheeler-deWitt equations are the Hartle-
Hawking wave functions given by

Hep .= ACY BAER (53) I B4R R AR A R MIAR/R-E SRR A

Bi (§—2/3 _ 51/3\/XL)

Wy (L) = e VAL, W (L) = +eAi(£2 — gVAL),

Bi (%’—2/3)
(114)
where Ai and Bi are the standard Airy functions; £ is a dimensionless string coupling constant measured
by the cosmological constant, i.e., £ := g,/A¥?; and c is an undetermined dimensionless constant. The

Hartle-Hawking wave function W, (L) is the one for (the continuum theory of) 2 d CDT, i.e., neither baby
universe nor wormhole contributions are included. On the other hand, W (L) is the Hartle-Hawking wave

function including all possible contributions of baby universes and wormholes non-perturbatively.

Hrr Ai il Bi RARHESCH RS & RETFHEBERNTTENZEEEE, B¢ = g/N?; c2—
PARENTCENE R, WR/R-ESIEEE W, (L) AR (B85 #IL ) 2 d CDT, RIFEERILT
WS HRIATTER, 5 —75H, W (L) 2Pt ESATA %) L85 R ST ARG R /R S R AL

We wish to explore the behavior of the non-perturbative Hartle-Hawking wave function W (L) (see Fig.2).

For VAL < 1/£ , one obtains the asymptotic expansion:

BT EFE RIS B /R-BEIE R W (L) TR (BRE 2), NT VAL < 1/6, A{5HHER
Fr:
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W (L) ~ e VAL = W, (L). (115)

Therefore, when the size of the one-dimensional universe is small enough, the physics is very closed to
the one without baby universes and wormholes, and it is essentially governed by the cosmological constant.
The wave function in this region decreases exponentially, and this behavior does not change at any finite order

of perturbation.

R, H—4EFHERRST RS/ N, R RS A5 %) Ly E i RRREER L, AR B
FHERES, RXIBARER RS, B TAECRERM L T 2%,

However, once the size of the universe is large enough, i.e., \/X > 1/& , the wave function starts oscillat-

ing, and the behavior is governed by the string coupling constant instead of the cosmological constant:

HB—EdRTRER, BIVA > 1/E, HRETTEIRS, HIRTR Bochl & 5 8m JE5= s s

EL.
~F.

W (L) ~ 1/(g§/3L)1/4. (116)

1.0 7
0.8 ¢
06+
0.4 L

02

Fig. 2 A plot of the Hartle-Hawking wave functions, W}, (dashed line) and W (solid line), for £ = 1/3 and
¢ = 0: The horizontal axis is \/XL , and the vertical axis is either W, or W

2M E=1/3Mc=0M, WBR/R-BEIMEE W, (B%) 5 W (K) MIEIG: Mk VAL, M
W, 5 w
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This drastic change happens due to the infinitely many wormholes and baby universes. The similar

behavior has been observed in the context of non-critical string theory [34, 35] .

XA TES5 22 A 5 %) LT S8 ROUTH B EIRIRFRZELL [34, 35] BRSO

2,

From the discussion above, we observe that a sort of Coleman’s mechanism works: For a large universe,
the cosmological constant is not important enough to govern the physics (The Hartle-Hawking wave function

W (L) is not normalizable, but similar arguments are valid on the normalizable energy eigenstates [30].).

MR ERTTIE, FRA DI — KRR @HLHIARC N T RRETE, FHEHNE LTSI R
(REMRK/R-E R W (L) AR[E—fk, ERPOEUEX AT JH— LA RE B ARIESAKAIL [30]. ).

Summary

R

We have reviewed the relation between two-dimensional causal dynamical triangulations (2d CDT) and
two-dimensional projectable Hofava-Lifshitz quantum gravity (2d projectable HL QG).

AR T ZHERRENE =M (2d CDT) 5 _4n K Eh FL-BH R FHRE 5177 (2d A%
HL QG) Z[AIfK A,

In the first part, it has been shown that the physics described by the continuum limit of 2 d CDT coin-
cides with the one obtained quantizing 2 d projectable HL gravity. This is confirmed because the quantum
Hamiltonians of both models are exactly the same. The system is expressed in terms of quantum mechanics
of a 1d extended object, i.e., a 1d universe. It would be too hasty to consider that this scenario also holds
for the higher dimensional cases. In fact, it has been shown that in 2 + 1 dimensions, numerical studies of
the so-called locally causal dynamical triangulations (LCDT) that relax the proper time foliation of CDT and
require the local causality reproduce an intriguing specialty of CDT, an emergence of the de-Sitter-like geom-
etry [36] (see, e.g., Ref. [37] for the higher-dimensional CDT). On the other hand, a Landau theory approach
suggests a relation between CDT and theories invariant under the foliation-preserving diffeomorphisms in
2 + 1 dimensions [38, 39] (see also - Chap. 81, "Landau Theory of Causal Dynamical Triangulations”). This

issue should be investigated further.

SE—HR5r3RH, 2 d CDT ESUMRIRIIANYIELS 2 d Al HL 51 & USRI —8, X—
MR ) 8 e i B e AR R I IE SE . X AR GTR] F—4ERE RN 5 R — 4k 7 U B 7 124
d, BRI tIER TESERNL TER, FX EEEIRERMN, £ 2+ 14, XA
CDT [EA R RIMAL, ZRE A SRR FTEE IR A RS =M %7 (LCDT) BATEUERTSE, BT
CDT — /51 AKTEARE: 2EAETERE LTAYTEIE [36](mi4E CDT AHSCHIZE R 2 WBIAN SR [37]). 53
—J7H, BIEFIETTIER, 12+ 1 48% CDT SRFEH AR IR AR ZEBIE & [HAA 72 R HK
[38,39](H AT 25 81 & “HIRFE=ATH D HIERIL” ), X—FE)H FE—S 5T,

In the second part, we have introduced the generalized CDT (GCDT) that permits baby universes and
wormholes to form in keeping with the foliation, and in particular the construction based on the string field
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theory for CDT has been explained. Here the string means the 1 d universe, and the string field theory is
constructed in such a way that the free part reproduces the CDT amplitudes, and the splitting and joining

interactions of string are introduced to create baby universes and wormbholes.

FHHRor, BAISIAT AR LT 5 RIFAER ST AN 2 RIEREIT X CDT(GCDT), i
HER T HE T 29188 CDT MiE, HARIRES 1 d 358, ZZIeRERe: 8 bikEI CDT R
M, IR RG RSB A LA R,

Focusing on the loop-to-loop amplitude, we have introduced an effective 1d theory that includes all the
contributions coming from the sum over all possible baby universes and wormholes. From the point of view
of HL gravity, the effective theory can be precisely reproduced if introducing a bi-local interaction term into
the action of 2 d projectable HL gravity and if quantizing the system. In addition, the effective theory can
be also obtained considering that the cosmological constant of 2 d CDT is not a constant, but it fluctuates in
time. This leads to Coleman’s mechanism in 2d CDT such that for a large universe, the cosmological constant

is not important enough to govern the physics.

R ERIE, FATSIAT —P—4EA20He, BUESHA TR LFH 5 RIFRFE IR 25
mifk. M HL 5IMMEE, HEAE 2 d A% HL 5 RIER &5 AR EAEHTOE N &
giE T, B DUREISENZARENE, AN, #HiAh 2 d CDT MIF AR EBOTIERE, m2hEn
kY%, ] DUSEZA MBS, XSfE 4k CDT HEARURENH: N KFHNS, FHPFER
A AT SFYE AL,

Although we have not discussed issues of the coupling to matter, 2d CDT coupled to Yang-Mills theory
has been solved analytically in Ref. [40], and it has been shown that the quantum Hamiltonian obtained in
Ref. [40] can be reproduced quantizing 2d projectable HL gravity coupled to Yang-Mills theory [41]. In fact,
we know very little about the analytical treatment of the coupling to matter compared to the situation of 2 d

dynamical triangulations and the Liouville quantum gravity. This direction needs to be explored in the future.

RUEASORIHE VRS T, (E EA SO [40] MEHT I TR A1 K/RATRLICHY 4 CDT, Hih
SRR, SO [40] U R TIA SRR AT DU B TR 2R/ I I = S RT £ HL 5177
E [41), PR, LT 2 d A= AEARXG/AR BT NTIFEUR, RITH PR A6
BRAREBEHIZ Bb, XTI R — SRR,

What is remarkable is that following the standard Wilsonian renormalization group, one can take the
continuum limit of the lattice model, 2d CDT, and find the continuum quantum field theory, 2d projectable
HL QG, which is in the same universality class of 2d CDT. A missing piece is the continuum quantum field
theory of GCDT that is described by metric components and allows us to compute all the amplitudes defined
by the string field theory for CDT, although we have the effective field theory, the 2d projectable HL gravity
with a bi-local interaction, which reproduces the restricted class of GCDT amplitudes once it is quantized. We
wish to unveil the underlying continuum quantum field theory of GCDT, through which we can understand
something inherently interesting about quantum geometries for sure.
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